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Part 1

Calculus






CHAPTER 1

Rate of change

What one fool can do, so can another.

An “ancient Simian proverb” appearing in
Calculus Made Easy and sometimes
repeated by Richard Feynman

The name “calculus” doesn’t tell you what the subject is
about, so here it is: the main idea of calculus is instantaneous rate
of change. Everyone who has read a speedometer understands
this concept intuitively. If you are driving a car, you might see
the speedometer steadily increase from 0 meters per second to
30 meters per second. Along the way, there was a single instant
in time at which your speed was 20 meters per second.

Before writing down a precise definition of “instantaneous
rate of change”, let’s first review the concept of average rate of
change. Let f: R — R be a function. For example, f could be
the function that takes as input the number ¢ of seconds that
have passed since you began driving, and returns as output the
number f(t) of meters that the car has traveled during this time.
(This function f is like an odometer — it tells you the total
distance that you have traveled so far.) The average velocity of
the car during the time interval from a time tg to a later time ¢ is

distance traveled  f(t) — f(to)

average velocity = =
& Y time elapsed t—tg

For example, suppose that at time ty = 30 the odometer reports
that the car has traveled a total distance of 120 meters, so

3



4 1. RATE OF CHANGE

that f(30) = 120, and suppose also that two seconds later the
odometer reports a total distance traveled of 160 meters, so
that f(32) = 160. Then the car has traveled f(32) — f(30) =
160 — 120 = 40 meters during the two second time interval from
time ty = 30 to time t = 32. The average velocity of the car
during this time interval is (160 — 120)/(32 — 30) = 40/2 = 20
meters per second.

Now imagine that the time interval from ¢¢ to t is very short,
so that time ¢ is only a split second later than time ¢y. Then
the average velocity during the time interval from tg to t is a
good approximation to the instantaneous velocity of the car at
time ty. Even better approximations can be obtained by taking
t to be closer and closer to ty. In fact, we can approximate the
instantaneous velocity as closely as we like by taking ¢ to be
sufficiently close to to. We express this fact concisely by saying
that the instantaneous velocity at time tg is equal to the limit
as t approaches tq of the average velocity (f(t) — f(to))/(t — to)-
To save writing, the instantaneous velocity at time t( is denoted
f'(to). In summary:

F(to) = lim 1O =S C0) (1)

t—to t—to

This idea of taking a limit is illustrated with a numerical example
in table 1.

The number f/(¢p) has been given an undescriptive and
unnecessarily intimidating name: it is called the derivative of
the function f at ty. The function f’, which takes a number
to as input and returns the number f'(¢p) as output, is called
the derivative of f. Another common notation for f’ is ‘C%. The
notation % arguably has more mnemonic power, as it reminds
us that if ¢ is close to tg then

Af

f/(to) ~ Ev



1. RATE OF CHANGE 5

RS
2.1 4.41 4.1

2.01  4.0401 4.01
2.001 4.004001 4.001

Table 1. Here we illustrate the idea of taking a limit
in equation (1.1). As t approaches to, the average
rate of change approaches the instantaneous rate of
change. In this example, f(t) = t* and to = 2. As
we try out values of ¢ that get closer and closer to to,
we observe that the average rate of change (shown in
the rightmost column) appears to be getting closer
and closer to 4. This suggests that f'(2) = 4.

where At =t — g is a small change in value of the input to f
and Af = f(t) — f(to) is the corresponding change in the value
of the output.

In the above discussion, we used a moving car as an example,
but f can be any function that takes a real number as input
and returns a real number as output. A car’s velocity is only
one example of the concept of instantaneous rate of change of
a quantity. And while we used the letter ¢ as a name for the
function input, we may of course use any letter we want, such
as . We would then write equation (1.1) as

f'(z0) = lim M. (1.2)

T—To T — X0

ExAMPLE 1.1. To make this discussion more concrete, let’s

compute the derivative of the function f(z) = z2. We must

evaluate the limit on the right in equation (1.2). Notice that if
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T # xo then
f(@) = f(zo) _ a° — a3
T — X0 73?—111‘0
_ (@ —wo)(z +20)
o Tr — X
=+ x9.

Clearly, x + xg approaches xg + o = 2z¢ as x approaches zg.
This shows that
[ (o) = 2. (1.3)

For example, f'(2) = 2-2 = 4. This confirms the result that we
observed in table 1.

One of the main goals of a calculus course is to derive a large
number of rules like this for computing the derivatives of specific
functions. We will derive more such rules in section 2.

EXERCISE 1.2. Derive formulas for the derivatives of the
functions z, z3, and 1/z.

1.1. Geometric interpretation of the derivative

There is a nice geometric interpretation of the derivative that
is illustrated in figure 1. If z is close to xg, then (zq, f(zo)) and
(x, f(x)) are nearby points on the graph of f. The line connecting
these two points, shown in figure 1la, is called a “secant line”.

rise

The slope of this line is given by the formula slope = >, and

as can be seen in figure la, the run is x — xzo and the rise is
f(z) = f(xo). Thus:

rise ‘(z) — f(x
slope of secant line = — = M
run T — @

As x approaches zg, the point (z, f(x)) approaches the point
(zo, f(z0)), and the slope of the secant line approaches the slope
of the “tangent line” that is shown in figure 1b. So, the slope of
the tangent line in figure 1b is

f(z) — f(=o)

slope of tangent line = lim —————=.
T—xg r — X
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The quantity on the right is none other than the derivative f'(z).
We have found our geometric interpretation of the derivative:

The derivative is the slope of the tangent line.

1.2. The fundamental strategy of calculus

The definition of the derivative (equation (1.1)) tells us that
the approximation

f/(‘rO) r~ f(.’E) f(.'lfo)
xr — X
becomes more and more accurate as we select values of x that
are closer and closer to x(, and that any desired level of accuracy
can be obtained by restricting = to be sufficiently close to xg.
Visually, we are approximating the slope of the tangent line by
computing the slope of a secant line. Multiplying both sides

of (1.4) by & — xg, we obtain

f(@) & f(@o) + f'(zo)(x — o). (1.5)

The approximation is good when x is close to xg.

Equation (1.5) is called “Newton’s approximation”, and it is
extremely useful for the following reason: Although f itself might
be a complicated nonlinear function, f can be approximated
accurately by the very simple linear function L(z) = f(zg) +
f'(zo)(z — zp) which appears on the right in equation (1.5).
The graph of L is a straight line that passes through the point
(20, f(x0)) and has slope f’(z¢). In other words, the graph of L
is the tangent line shown in figure 1b. The function L is called
the linear approximation to f near x.

The fundamental strategy of calculus is to replace f (which
is difficult to work with) with a linear approximation to f (which
is easy to work with). When we do this, whatever calculations
we want to perform are greatly simplified, and often the approxi-
mation is accurate enough that the result of the calculation is
useful. This strategy is used again and again throughout calculus,

(1.4)
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(a) The line connecting the points (xo, f(z0)) and
(z, f(x)). is called a “secant line”. We use the formula
slope = if;’ to compute the slope of the secant line. The
run is z — xo and the rise is f(z) — f(z0), so the slope is
f@)—f(zo)

T—x0

(o, f(0))

(b) As x approaches zg, the point (z, f(x)) approaches
the point (zo, f(z0)), and the slope of the secant line
approaches the slope of the tangent line. Thus, the slope

of the tangent line is limg ¢, f(zz):iiézo).

Figure 1. The derivative is the slope of the tangent line.
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and it makes calculus easy. It is the key to calculus. Newton’s
approximation (1.5) should be internalized so that you can use
it effortlessly and reflexively.

Suppose that you are driving and at a particular moment
the speedometer reads 20 meters per second, and you are asked
to estimate how far the car travels during the next two seconds.
Even if you don’t know calculus, you will estimate 20 x 2 = 40
meters. You already use the approximation (1.5) even if you do
not realize it. It is so intuitive that a child would give the same
answer.

1.3. Warning: Sometimes the derivative does not exist

The geometric interpretation of the derivative helps us to
understand visually something that can go wrong when comput-
ing f'(zg). Figure 2a shows the graph of the ramp function f

defined by
T if x>0,
f(x)_{o if # < 0.

This ramp function is also called the “ReLU” function (yet
another undescriptive name), and it plays an important role
in neural networks. For this example, let xg = 0 (and note
that f(zg) = 0). As shown in figure 2a, if x > x, then the
slope of the secant line connecting (zo, f(zo)) and (z, f(x)) is
%ﬁgzo) = 2=0 — 1. Thus, as = approaches zq from the right,
the slope of the secant line approaches 1:

o @) = flwo) _

T\ Zo Tr — X

The symbol Y\ indicates that x approaches g from the right (in
other words, x decreases towards xg).
However, we get a different result if x approaches xq from the
left. As shown in figure 2b, if x < xg, then the slope of the secant
f(z)—f(=0)

line connecting (zo, f(20)) and (z, f(2)) Is “5=57 = 9=9 = .

So, as x approaches x( from the left, the slope of the secant line
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approaches 0:
o 1) = f(o)

x o T — Xg
The fact that the slope of the secant line approaches different
values depending on whether z approaches x( from the right or
from the left means that in this example %ﬁff‘)) simply does

not have a unique limit as x approaches xg:

i 1) = fwo)

T—To T — X0

=0.

does not exist.

The function f does not have a derivative at 0.

Imagine that a car is driving along at 10 meters per second,
and then at time ¢ = 30 the car’s velocity magically jumps to 20
meters per second (perhaps due to a glitch in the matrix). What
is the car’s instantaneous velocity at time ¢ = 307 There is no
correct answer. Both values 10 meters per second and 20 meters
per second would be equally valid. The car simply does not have
a velocity at that instant in time.

When we make the statement

o 1) = f(wo)
T—x0 T — To

we insist that w approaches the same limiting value L

no matter what path x follows as x approaches xg. If that is not
the case, then the statement is not true, and f/(z¢) simply does
not exist.

Before we compute the derivative of a function, we should be
careful to first check that the derivative exists. But don’t worry,
most functions we encounter have perfectly smooth graphs, with
no sharp corners where the tangent line is not well defined.

Here is a bit more terminology. The process of computing
the derivative of a function is called “differentiation”. If f has
a derivative at xg, then f is said to be “differentiable” at z.
We have seen in this section that the ramp function is not dif-
ferentiable at 0. However, the ramp function is differentiable
everywhere else.

=L

)
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(z, f(x))

(a) If x > =g, then the slope of the secant line

connecting (wo, f(zo)) and (=, f(z)) is 1. Thus,
F@)=f(o) _ 7

hmz\@o Tr—TQ

(wo,f(fﬂn))
(@, f(z))

(b) However, if © < xo, then the slope of the secant line
f(x)—f(zo) =0 # 1.

is 0. Thus, limg ~g, o
Figure 2. The ramp function does not have a de-
rivative at xop = 0. The derivative is supposed to
be the slope of the tangent line, but there is not a
unique tangent line at this point.

11






CHAPTER 2

Formulas for the derivative

In this chapter we will discover some useful rules for comput-
ing derivatives. In the process we will see our first examples of
the fundamental strategy of calculus in action.

2.1. Derivative of a constant function

Suppose that f is a constant function. In other words, there
is some number ¢ such that f(z) = ¢ for all possible values of z.
Then, if z # zg, we have

f@)—fxo)  c—c _

r — X T — X

It follows that

F(zo) = lim f@) = f@0) _ po—o.

T—To T — X0 T—To
In words:

The derivative of a constant function is 0.

If a car’s position is not changing, then its velocity is 0.

2.2. Derivative of a sum

Suppose that
f(z) = g(z) + h(z),

13



14 2. FORMULAS FOR THE DERIVATIVE

and both f and g are differentiable at zy. If x # xg then
f(@) = f(@o) _ g(z) + h(z) — (g(z0) + h(z0))

r — X N r — X
_ @) —g@0) | h() = k(o)

Tr — X Tr — X

approaches g’(xzg) approaches h/(zg)

As x approaches g, the first term on the right approaches ¢'(xg)
and the second term on the right approaches h'(zg). Thus,

f'(x0) = ¢'(x0) + h(20).
In words:

The derivative of a sum is the sum of the derivatives.

ExampLE 2.1. If

fl@)y= 1 +a?
) )
g(z)  h(x)

then

fl@o)= 0 + 29 =2z0.
/T T
9" (o) h'(x0)

2.3. Derivative of f(z) = cg(x)

Suppose that there is a number ¢ such that

f(z) = cg(x)
for all real numbers x, and that g is differentiable at xq. If  # xg
then
f(@) — f(xo) _ cg(a) — cg(xo)

r — X Tr — X

N(CEh)

approaches g’(zo)




2.4. THE PRODUCT RULE

It follows that

ExaMPLE 2.2. If

then

if
fl(l‘o) =5- (2.’130) = 10.1‘0.
g’ (z0)

2.4. The product rule
Suppose that

f(z) = g(x)h(2),
and that g and h are differentiable at xq. If x # x( then
f(@) (o) _ gla)h(e) —glao)hixn)
r—zy x — To ' ’

We invoke the fundamental strategy of calculus to simplify the
expression on the right. Using the approximations

9(z) = g(x0) + ¢ (o) (x — o)
and h(z) ~ h(zo) + h'(z0)(z — x0),

we obtain

g(@)h(@) ~ (g(z0) + ¢/ (z0) (@ = 20) ) (o) + I (wo)( — wo) )
= g(z0)h(x0)

+ ' (o) h(xo)(x — 20) + g(w0)h' (x0)(x — 20)
+ g’ (o)1 (o) (x — m0)*.

15



16 2. FORMULAS FOR THE DERIVATIVE

It follows that
g(x)h(x) — g(zo)h(zo)

— ~ g/ (@) (o) + g(ao) I (x0)

+ g (zo)h (20)(x — z0) .

approaches 0

As z approaches xg, the final term on the right approaches 0.
We discover that

f'(wo) = g (zo)h(w0) + g(x0)h (20).
This rule is known as the “product rule”.

EXERCISE 2.3. Use the product rule to compute the deriva-
tive of the function f(z) = x3.

Solution: Notice that f(x) = g(x)h(x), where g(x) = x and
h(z) = 2. We saw earlier (in equation (1.3)) that h'(zq) = 2z,
and from Exercise (1.2) we know that ¢’(xg) = 1. The product
rule tells us that

flwo)= 1 - a3 + =z - 2w9 = 327,
, 0 T T
g'(z0) h(zo)  9(xo) h'(z0)
EXERCISE 2.4. Use the product rule and the result of the
previous exercise to compute the derivative of the function f(z) =

x*. Conjecture a formula for the derivative of f(x) = 2™, where
n is a nonnegative integer.

Solution: We can use the same approach again, writing f(z) =
g(z)h(z) where g(z) = z and h(z) = 2®. The product rule tells
us that

f'(xo) =1-23 + 20 - (323) = 4a}.

The pattern is now clear. The derivative of f(z) = 2™, where n
is any nonnegative integer, is

f(xo) = naf". (2.2)



2.4. THE PRODUCT RULE 17

EXERCISE 2.5. Assume that the functions g and h are dif-
ferentiable at xg, and furthermore that h(xg) # 0. Let f be the
function defined by

fla) = 90)

~ h(x)
for all numbers x such that h(z) # 0. Use the product rule to
compute the derivative f’(zq).

Solution: Notice that

f@)h(z) = g(x). (2.3)

Differentiating both sides of (2.3), and using the product rule to
compute the derivative of the left-hand side, we obtain

f'(@o)h(xo) + f(x0)h' (20) = ¢’ (20)

—  Pleo)h(zo) + L5 W () = ¢ (o)

h(fL‘o)
= f'(zo)h(x0)® + g(zo)R (x0) = h(z0)g' (z0)
= flz) = Alzo)g (xz)(;ofg(%)h (o) (2.4)

This formula is known as the quotient rule.

EXERCISE 2.6. Use the quotient rule (2.4) and formula (2.2)
to compute the derivative of the function f(x) =1/z™, where m
is a positive integer.

Solution: Assume that x¢ # 0 (otherwise f is not defined at zg).
The quotient rule with g(z) =1 and h(xz) = ™ tells us that

h(zo) g’ (x0) g(zo) ' (z0)
3 i y +

f(xo0) =

This shows that the formula (2.2) holds also when n is negative.
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2.5. The chain rule

One important way to build a new function out of simpler
functions is to take the output of one function and plug it in as
input to another function. Suppose that

f(@) = g(h(z))

and that h is differentiable at x¢ and g is differentiable at h(zg).
The function f is said to be the “composition” of g and h. For
example, if h(z) = 1+ 22 and g(y) = 1/y, then f(z) = g(h(x)) =
/(1 + 2?).

If © # xo then

f(@) = flxo) _ g(h(x)) = g(h(z0))

T — g T — g '

We will use the fundamental strategy to simplify the expression
on the right. If z is very close to xg, then the point y = h(z) is
close to the point yo = h(xg). We plug these values of y and yo
into Newton’s approximation

9(y) = 9(yo) + 9'(y0) (v — yo)
to obtain
g(h(x)) = g(h(o)) + ¢’ (h(x0))(h(x) — h(zo)),
which implies that

Tr — X Tr — X

L
approaches h/(zg)

As x approaches xg, the quotient on the right approaches h'(z).
We discover that

f'(x0) = g’ (h(20))' (20)-

This fact is known as the chain rule.
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2.6. Derivative of b*

Suppose that f(x) = b*, where b > 1 is a number. If z # z,
then

J(2) = flwo) _ b — b

Xr — X r — X
Py i
Tr — X

The term 6™ does not depend on z. Thus,

1= 10 _ e (g 021

lim
T—xQ r — X

f’(l‘o) = lim

T—To T — X0

annoying number

The “annoying number” on the right needs a name, so for the
moment let’s call it ¢. The expression for ¢ might look unpleas-
ant, but keep in mind that ¢ is just some number, and we can
approximate ¢ by plugging in a particular value of x that is very
close to xo.

It may seem that we are stuck with this unpleasant number,
but there is a ray of hope: the value of ¢ depends on the value of
b. This raises a question: Is it possible to find a special value of b
such that ¢ = 12 It would be great if this were the case, because
then ¢ would vanish from sight and we would have the following
simple and neat result:

f(zo) = 0", f'(xo) = b

for every real number xy. In other words, the function f would
be equal to its own derivative.

In fact, the answer to the question is yes: there is a special
value of b for which the number ¢ turns out to be equal to 1.
Let’s find this special value of b. Assume that b is chosen so that
¢ = 1. Select a value of = that is very close to xp, and to save



20 2. FORMULAS FOR THE DERIVATIVE

Az (14 Ax)l/A

.1 2.5937424
.01 2.7048138
001 2.7169239
.0001 2.7181459

Table 1. As Az approaches 0, the quantity (1 +
Ax)l/Az approaches e ~ 2.718.

writing let Az = x — zg. Then
bAT — 1
Az
— ¥ x14+Az

= b~ (1+Ax)/A7,

~1

The approximation improves as Az = x — zy approaches 0. So
we have found that
b= lim (1+ Azx)/A7,
Az—0

[P

This special value of b is universally known as “e”, or Euler’s
number. The number e is a fundamental mathematical constant,
like m. We estimate the value of e in table 1, where we see that
e =~ 2.718. In conclusion: if f(z) = e*, then

f'(xg) = e™.

The function e® is called the “exponential function”, and thanks
to this special property it is arguably the most important function
in math:

The exponential function is its own derivative.

EXERCISE 2.7. Compute the derivative of the function f(x) =

e .
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Solution: Note that f(z) = g(h(z)) where h(x) = —x and
g(y) = e¥. The chain rule tells us that
fl(xg)= e ™ . (=1)=—e ",
T T
g/(h,(zl;())) R (z0)

EXERCISE 2.8. The sigmoid function S is defined by

6%

- 14 e’

S(x)

Its graph is shown in figure 3. The output of the sigmoid function

Figure 3. The sigmoid function S(z) = e”/(1 + €%).

is always between 0 and 1, which makes the sigmoid function
useful for estimating probabilities (which are required to be
between 0 and 1). For this reason, the sigmoid function plays
an important role in machine learning, for example in logistic
regression and neural networks. (A typical application might be
computing the probability that an email is spam.)

Use the quotient rule to compute the derivative S’(zg).
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Solution: The quotient rule tells us that

1+ e%0)e®o — %0 . g¥o
S/ — (
(z0) (1 + e0)2
ero
(14 e®0)2’

We are done, but if we notice that

4t e 1
T 14er 14er  1+4er’

1—S(x)

then our formula for S’(x¢) can be written as

/ _ e . 1 — _
§'(@0) = ooz Togm = S(@0)(1 = S(av)).

This formula is convenient because it shows that if we have
already evaluated S(z¢), then hardly any additional arithmetic
operations are required to evaluate S’(xp). We can compute
S’ (xg) very efficiently.

2.7. Derivative of log(z)
The defining property of the natural logarithm function

f(z) = log(a) is

ef@) = o (2.5)
for every positive number z. Differentiating both sides of (2.5),
and using the chain rule to compute the derivative of the left-hand
side, we find that

d@ () =1

= af'(x)=1

8=

= fl(z) =



2.8. THE POWER RULE 23

2.8. The power rule

Let 7 be any real number and let f be the function defined
by f(x) = 2". (Here x can be any positive real number.) To
derive a formula for the derivative f’(z(), we first observe that

f(:c) _ (elog(w))r _ erlog(w) _ eh(w)7
where h(z) = rlog(z). The chain rule tells us that
f(z) = "N (2)

x
=z L

This formula is known as the power rule. As we have seen
previously (in exercises 2.4 and 2.6), if r is an integer then there
is no need to restrict x to be positive. (If 7 is not an integer, then
" might not even be defined when z is negative. For example,
(—1)*/? = \/=1 is not a real number.)

EXERCISE 2.9. Use Newton’s approximation to estimate v/50.

Solution: Let f(x) = \/z = 2'/2. From the power rule, f'(zo) =
(1/2)3:81/2. Newton’s approximation (1.5) with © = 50 and
xo = 49 yields
1
VB0 ~ VA9 + —— - (50 — 49).
1 2\/ 49 |

N
f(x)  f(zo) 0 T
I (z0) (z—z0)

Simplifying, we obtain
1
V50 = 7+ 1 ~ 7.07142.

The true value of v/50 is 7.07106. . ., so the approximation is not
bad.






Part 2

Vector calculus and linear
algebra






CHAPTER 3

Points and vectors

One of the miseries of life is that
everybody names things a little bit wrong,
and so it makes everything a little harder
to understand.

Richard Feynman

The word “vector” can have different meanings in different
mathematical contexts, which can be confusing. The same goes
for the word “point”. But it’s a shame for such simple concepts
to be a source of confusion. Here we will explain the meanings
of the words “point” and “vector” and pin down the definitions
that will be used throughout this book.

A classic example of a data science problem is predicting the
value of a house based on information such as the house’s square
footage, the age of the house, the distance of the house from
downtown, the number of restaurants within walking distance,
etc. When collecting data about a house, inevitably we write
down a list of numbers like this. An n-tuple is simply a list of n
numbers. For example, here is a 4-tuple: (850,10,15.7,4). The
order in which the numbers are written down matters, so that a
rearrangement such as (15.7,10, 4, 850) is considered to be a dif-
ferent n-tuple. Two n-tuples (z1, Z2,...,z,) and (y1,Y2, ..., Yn)
are equal if and only if z1 = y1, 22 = yo, ..., and z, = y,.

The set of all n-tuples of real numbers is denoted R™. The
notation x € R™ means that x is an element of the set R", so

27
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x = (z1,...,x,) for some real numbers x1,...,2,. The numbers
T1,...,T, are called the “components” of x.

If we have carefully collected a large amount of data about a
house, we can easily find ourselves working with n-tuples where
n is some large number such as 50. Much larger values of n are
typical in other applications. For example, if instead of predicting
housing prices we are working on a computer vision problem,
such as developing an algorithm to recognize people in images,
we might describe an image by listing the RGB values for each
pixel in the image. This gives us an n-tuple where n is perhaps
one million.

When n = 2 or n = 3, it is possible to visualize an n-tuple.
In fact, there are two different methods to visualize an n-tuple:
the point picture and the vector picture, which we explain below.

3.1. Method 1: The point picture

The first method to visualize a 2-tuple such as (3, 2) is simply
to draw a coordinate system and then draw the point whose
coordinates are (3,2), as shown in figure 4. In this viewpoint,
the ordered pair (3,2) specifies a location. If we draw a third axis
coming out of the page, then we are able to visualize 3-tuples.

When we use Method 1 to visualize an n-tuple, we often
refer to the n-tuple as a “point”. So in our terminology, a “point”
really is nothing more than an n-tuple, but using the term “point”
provides a hint that it will be helpful to visualize the n-tuple as
a location in space.

3.2. Method 2: The vector picture

In the second method, we visualize a 2-tuple such as (3,2)
by drawing a coordinate system and then drawing an arrow that
connects a starting point (selected arbitrarily) to an ending point
which is 3 units to the right and 2 units up from the starting
point. In this viewpoint, which is illustrated in figure 5, the
ordered pair (3,2) tells us the displacement from a starting point
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(3,2)

Figure 4. The point picture: We visualize the point
in space whose coordinates are (3,2). Starting at
the origin, you move 3 units to the right and 2 units
upwards to arrive at the location shown in red.

to an ending point. If we draw a third axis coming out of the
page, then we can use the same method to visualize 3-tuples.

When we use Method 2 to visualize an n-tuple, we often
refer to the n-tuple as a vector. In our terminology, a “vector”
is nothing more than an n-tuple, but using the term “vector”
suggests that we should visualize the n-tuple as the displacement
(drawn as an arrow) from one point to another.

3.3. Vector operations

The vector picture suggests doing certain things with vectors
that we would never think of doing with points. A shift in
viewpoint leads to new ideas.

3.3.1. Adding vectors. It does not seem to make sense
visually to add together two points. However, there is a perfectly
logical way to add two displacements: if x = (x1,x2) is the
displacement from location A to location B, and y = (y1,y2) is
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Figure 5. The vector picture: We visualize the dis-
placement from a starting point (selected arbitrarily)
to an ending point. In this example, the arbitrarily
selected starting point has coordinates (1,2). You
move 3 units to the right and 2 units upwards to
arrive at the ending point, which has coordinates
(4,4).

the displacement from location B to location C, then = +y is the
total displacement from location A to location C'. If an object is
located at point A and experiences a displacement of z, followed
by a displacement of y, then the object’s total displacement is
x 4+ y. This is illustrated in figure 6. Hopefully figure 6 makes it
clear that

(w1, 22) + (y1,92) = (T1 + T2, Y1 + Y2).

A similar formula (and a similar picture) holds for vectors in
R3. Although we cannot visualize n-tuples when n is greater
than 3, we still define the sum of vectors = (z1,...,2,) and
y=(y1,...,yn) as follows:

(@1, 2n) + (Y1, Yn) = @1+ Y1, -, T + Yn).
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Figure 6. Adding two vectors: The displacement
from A to B plus the displacement from B to C' is
equal to the displacement from A to C.

3.3.2. Multiplying a vector by a number. Visually, it
would not make sense to multiply a point by a number. But it
is natural to multiply a vector x by a number c. Picturing = as
an arrow (representing a displacement), you just scale the length
of the arrow by ¢ without changing the arrow’s direction. If x is
visualized as a displacement, then 2x is twice the displacement,
in the same direction. This is illustrated in figure 7. Hopefully
figure 7 makes it clear that if = (x1,22) and ¢ is a number,
then

cx = (cxq,cxa).

Although we can’t visualize vectors in R™ when n > 3, we still
define
El@i15 0 0 0 5 T)) = (@il o 0 o 5 @ )

If ¢ is negative, then cz points in the direction opposite to that of
x. When a number c¢ is multiplied by a vector x, often c is called
a “scalar” because the length of x gets scaled by the factor c.
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i 3-(3,2) = (9,6)

L L L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 7. Multiplying a vector by a scalar: The
magnitude (length) of the displacement is multi-
plied by ¢, while the direction of the displacement
is unchanged.

3.3.3. The length or “norm” of a vector. A point has
no “size”, and it would not make sense to describe one point
as being somehow larger or smaller than another point. But
some displacements are larger than other displacements. If a
vector © = (x1,x2) is visualized as an arrow (representing a
displacement from one point to another), then the length of the
arrow tells us the size of the displacement. The length of a vector
x is also called the “norm” of z, and is denoted as ||z||. Using
the Pythagorean theorem, we can see that the norm of the vector

x = (x1,22) I8
lzll = /=7 + =3,

as illustrated in figure 8.
Figure 9 shows how we can use the Pythagorean theorem
twice to compute the length of a vector & = (1, x2, 3), obtaining

the formula
lz|| = /22 + 23 + 22.
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Figure 8. The length or “norm” of a vector x =
(z1,72): The Pythagorean theorem tells us that the
length of the arrow is ||z]] = /2% +z3. In this
example, z = (3,4) and ||z|| = V32 + 42 =5.

Although we can’t visualize vectors in R™ when n > 3, we define

the norm of a vector x = (x1,...,x,) by

lzll = /2% + - + a7
Let’s check that if we multiply a vector = (z1,...,z,) by a
scalar ¢, the norm of the resulting vector is |c|||z||. By definition,
cx = (cx1,...,cxy). It follows that

llex|| = /(ca1)? + - + (cxn)?

= lely/ai 4ot ap
= lelllz]|

A “unit vector” is a vector © whose norm is 1. Unit vectors
are convenient for specifying a direction in space. If u is a unit
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vector, and ¢ is a scalar, then the norm of tu is equal to |¢[:
[tull = [elllull = ¢ - 1 = [¢].

So tu is a vector that points in the direction v and has length
t. The vector tu represents a displacement of length ¢ in the
direction u.

Figure 9. The length of a vector z = (z1,z2,z3):
We use the Pythagorean theorem to see that the
length of the blue line is h = \/z? + 23. We then
use the Pythagorean theorem again to see that
lz|| = Vh2+22 = \/2? + 2%+ 23 In this par-
ticular example, h = /32 +42 = 5, and |z| =
V52 + 122 =13.

There are other popular ways to measure the “size” of a vector
x = (x1,...,2,). For example, the quantity |zi|+ -+ |z,]| is
called the “taxicab norm” of xz. If z is the displacement from
point A to point B, then the taxicab norm tells us the distance we
must travel in order to get from A to B if we are only allowed to
move in directions that are parallel to one of the coordinate axes.
(Imagine driving in a city where all roads go either East-West or
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North-South.) The taxicab norm is more commonly called the ¢;-
norm (a less descriptive name), and is denoted ||z||;. Another way
to measure the size of a vector x is using the “worst-case norm”,
which is equal to the largest (in absolute value) component of
x and is denoted ||z||c. For example, if z = (—3,5,—9), then
lz]|cc = 9. The worst-case norm is usually called the £.-norm.
The length of the vector z, which we have been simply calling
the “norm” of x, is more precisely called the ¢3-norm of x, in
order to distinguish it from these other norms that we have now
discussed. The ¢o-norm of = is commonly denoted ||z||2:

|zll2 = /2?2 + - - + 22 = length of z,

but we will continue to use the notation ||z|| for the length of x.

3.3.4. Adding a vector to a point. It also makes sense
visually to add a vector to a point, to obtain a new point. If x
is a point and y is a vector, then x + y is the point you would
arrive at by starting at the location x and moving through a
displacement of y. This is illustrated in figure 10. Although
the geometric interpretation is different, the addition formula
remains the same:

(I1,---,In)+(y1,---7yn) = (z1+y17---7$n,+yn)-

In calculus, we often want to compare the value of a function
f at a point x with the value of f at some nearby point that is
very close to z. Let u be a unit vector (so that |lul| = 1) and
let ¢ be a tiny number. Notice that ||tu| = |¢|, so that tu is a
tiny vector that represents a tiny displacement in the direction wu.
Then x + tu is a point nearby x. Specifically, x 4 tu is the point
you would arrive at by starting at the location £ and moving
a distance t in the direction u. If that is not perfectly clear,
take a moment to let it sink in, as this picture will be crucial in
multivariable calculus.

3.3.5. Subtracting a point from a point. Although it
does not make sense visually to add a point to a point, it does



36 3. POINTS AND VECTORS

r+y

Figure 10. Adding a point z and a vector y: x +y
is the point whose displacement from z is y. In this
example, z = (1,2),y = (3,2), and x + y = (4,4).

make sense to subtract a point from a point to obtain a vector.
The previous section could be summarized as

point 4 vector = new point.
We can rewrite this equation as
new point — point = vector.

If x and y are points, then y — x is the displacement vector from
x to y. This is illustrated in figure 11. Notice that

T +(y—z)=y
N = =~
point vector point

3.3.6. The dot product of two vectors. There is some-
thing called the “dot product” of vectors x and y that turns out
to be very useful. If x = (z1,...,2,) and y = (y1,...,yn) then
the dot product of z and y is denoted (z,y) and is defined as
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Figure 11. Subtracting a point x from a point y:
y — x is the displacement vector from x to y. In this
example, z = (1,2),y = (4,4), and y — x = (3, 2).

follows:
(z,y) = x191 + Toy2 + - - + TnYn. (3.1)

Notice that the dot product of x and y is a number, not a vector.
And why should we care about this number? The main reason is
that this number has a nice geometric interpretation: If 8 is the
angle between the vectors = and y, then

(z,y) = l[z|llyll cos(6).

This is illustrated in figure 12. The geometric interpretation of
the dot product is not obvious, but we’ll show where it comes
from at the end of this section.

If  and y are perpendicular, then § = 7/2, and so cos(f) = 0.
Using the geometric interpretation of the dot product, we see
that (x,y) = 0. This gives us a convenient way to check whether
or not two vectors are perpendicular — we simply check if their
dot product is equal to 0. Usually the word “orthogonal” is used
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(@,y) = [lz[llly]| cos(9)

Figure 12. The geometric interpretation of the dot
product.

instead of “perpendicular”, perhaps because it sounds fancier,
but both words mean the same thing:

x is orthogonal to y < (z,y) = 0.

Here is a question that will be important for vector calculus:
which way should y be pointing in order for (z, y) to be as large as
possible? Choosing y to be orthogonal to x would be a bad choice,
because then (z,y) = 0. Recalling that (x,y) = ||z||||ly|l cos(6),
and noting that —1 < cos(f) < 1, we see that (x,y) is as large
as possible when cos(8) = 1, or equivalently when 6 is 0. This
means that y should point in the same direction as x. In this case,
(x,y) = ||lz|l|ly|l- On the other hand, if we want (x,y) to be as
negative as possible, then we should pick y to point in the opposite
direction as x, so that cos(0) = —1 and (z,y) = —||z||||y]|-

We now mention a few rules that tend to be useful when
working with vectors. Using equation (3.1), we see immediately
that

(z,2) = ||z
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for all vectors z € R™. We can also use equation (3.1) to easily
check that

o (x+y,z) = (x,2)+ (y,z2) for all z,y,z € R".

o (cx,y) = c(x,y) for all z,y € R",c € R.
Because (x,y) = (y,z) for all z,y € R™, we have the following
counterparts for the previous two rules:

o (z,y+2z)=(x,y) + (z,2) for all x,y,z € R™.

o (z,cy) = c(x,y) for all z,y € R, c € R.
The fact that the dot product formula is simple and has these
nice properties is one of the reasons that the dot product is so
ubiquitous. It’s important to internalize these simple rules so
that vector arithmetic becomes effortless.

Finally let’s justify the geometric interpretation of the dot

product. In figure 13, it would be incorrect to invoke the

ly = =[1* = lll* + lll* — 2llz ]|y cos(¥)

Figure 13. The law of cosines is a generalization
of the Pythagorean theorem that holds for non-right
triangles. The geometric interpretation of the dot
product follows from the law of cosines.

Pythagorean theorem to conclude that ||y — z[|? = ||z[|* + [Jy||?,
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because the triangle in figure 13 is not a right triangle. However,
there is a generalization of the Pythagorean theorem known as
the law of cosines which tells us that

ly = l* = llzl* + lyll* = 2llzlly] cos(®).- (3:2)

Notice that when 8 = 7/2, the law of cosines reduces to the
Pythagorean theorem. We can expand the left-hand side of (3.2)
as follows:

ly — (> = (y — =,y — x)
=y —=zy —(y—=01)
=y, y) — (z,y) — (y,2) + (z,2)
= [lz] + [lyl1* — 2(z,y).

Now comparing the left-hand side of (3.2) (in expanded form)
with the right-hand side, and canceling like terms from both
sides, we discover that (x,y) = ||z||||y|| cos(9).



CHAPTER 4

The gradient vector

So far we have worked with functions that take a single
number as input (for example, the number ¢ of seconds for which
a car has been driving) and return a single number as output
(for example, the car’s position in meters at time t). Our next
step is to consider functions that take a list of numbers as input
and return a single number as output. For example, we could
have a function f that takes the coordinates z = (1, z2, z3) of a
point in space as input and returns the temperature at the point
x as output. If you are a mosquito who likes cool weather, you
might want to find a point x for which the temperature f(x) is
as small as possible, and fly to that location.

EXAMPLE 4.1. Here is an example of how functions that
take a list of numbers as input appear in prediction problems
such as predicting the price of a house. Suppose that we have
collected the following data about a large number N of recently
sold houses:

S; is the number of square feet of the ith house.

T; is the age of the ith house.

R; is the distance of the ith house from downtown.
y; is the selling price of the ith house.

The numbers S;, T;, and R; describe the ith house, and our goal
is to use these numbers somehow to predict the selling price y;
of the ith house.

A simple and popular approach, called linear regression, is
to try to find numbers wg, w1, we, and ws such that wy + S;wy +

41
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T;we + R;ws is a good approximation to y;, the price of the ith
house. We want:

for i =1,..., N. The challenge is to select the numbers wq, w1,
ws, w3 so that the approximation (4.1) is accurate for all of the
houses for which we have collected data. It is not good enough
for the prediction error wgy + S;wy + T;we + R;ws — y; to be small
for just some houses but not others. We want this prediction
error to be small for all houses. In other words, we want the
total prediction error

N

J(wo, wy, wa, ws) =Y (wo + Siwy + Tyws + Riws — y;)?

i=1
to be as small as possible.

This example shows how a goal of making accurate predic-
tions naturally leads us to the goal of minimizing an error function
such as f that takes a list of numbers as input. Many of the most
popular machine learning algorithms, such as neural networks,
are variations of this simple, classic idea.

4.1. The directional derivative

It will help the mosquito find a cool spot if he can feel
how rapidly the temperature is changing in various directions.
Suppose that we are currently located at a point

x=(21,...,2n),

and the temperature at this point is f(x). (This function f is like
a thermometer.) We are wondering how rapidly the temperature
will increase or decrease if we move away from z in the direction
u. (Here u is a unit vector.) If we move a short distance of ¢
meters in the direction u, then our new location is x + tu, and
the temperature at our new location is f(x + tu). The change in
temperature is f(x + tu) — f(x). The average rate of change in
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the temperature is

change in temperature  f(x + tu) — f(x) degrees

distance traveled t meter
If we select values of ¢ that are shorter and shorter, and approach-
ing 0, this average rate of change approaches the instantaneous
rate of change of f in the direction u. This instantaneous rate of
change is denoted D,, f(x):

(4.2)
The number D,, f(z) is called the “directional derivative” of f at
z in the direction u.
EXERCISE 4.2. Let f : R2 — R be defined by
f(z1,22) = 2172

Compute D, f(3,2), where u is the unit vector (1/v/2,1/v/2).

Solution:

D,.f(3,2) = lim (3 +t/\/§)(2t+ t/V3) — 6

. 6+5t/\/2+12/2—6
= lim
t—0 t

= }ig%s/x/iﬂm
=5/V2.

4.2. Partial derivatives

In the special case that ©v = (1,0,...,0), computing the
directional derivative D, f(x) is particularly easy. With this
choice of u, we have

x+tu = (x1,22,...,2,) +t(1,0,...,0)

=(x1+txz,...,2p)
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and

D, f(z) = lim f(xy +t7$27-..7$n)_f(l'l,.’);‘%...,mn).

t—0

(4.3)

The quantity on the right is the derivative of the function g :
R — R defined by

g(xl):f(x17x27---7mn)~ (44)

(When defining g, we are thinking of the numbers x5, ..., z, as
being held fixed, whereas 1 can be any real number.) In other
words,

This is nice because g is a function of a single variable, which
means that ¢’(z1) can be computed using the arsenal of formulas
for derivatives that we derived in chapter 2.

When v = (1,0,...,0), an alternative notation for the di-
rectional derivative D, f(x) is Dy f(x). Likewise, in the special
case where the vector v has a 1 in the ith position and zeros
elsewhere, an alternative notation for the directional derivative
D, f(x) is D;f(z). These numbers D, f(z) (for i =1,...,n) are
called the partial derivatives of f at . Computing D, f(x) is
easy for the same reason that computing D f(x) is easy:

To compute D; f(x), think of f as a function of z; alone
(with the other components of z held fixed to constant
values), and then take the derivative using single-variable
calculus techniques from chapter 2.

Note that another very common notation for D;f(x) that you

will see in other books is %a(f).

EXERCISE 4.3. Let f : R® — R be defined by

f(z1, 29, 3) = 217272,

Compute the partial derivatives of f.
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Solution: Thinking of z1e%2% as a function of z; alone, with x4
and z3 held fixed, we see that

Dy f(x) = e*273,

On the other hand, thinking of z1e®2%3 as a function of x5 alone,
we see that

Dy f(x) = x1e¥*"3 x3.
Finally, by thinking of x,e"2"3 as a function of x3 alone, we see
that

Dsf(x) = 21723 2.

4.3. Newton’s approximation for partial derivatives

Newton’s approximation for the function ¢ in equation (4.4)
tells us that g(z1 + Azy) = g(z1) + ¢'(z1)Azq, or equivalently

f(@1 4+ Azy, 2, .., 20) & f(z) + D1 f(z) Ay

Similarly, if we increase xz; by a small amount Ax; and leave the
other components of z unchanged, then we have the following
version of Newton’s approximation for partial derivatives:

flxr, .. 2+ Az, .. zp) = f(z) + D f () Ax;. (4.5)

In words, if you start at a point  and move a distance Ax; in
the direction of the ith axis, then the change in the value of f is
approximately D, f(z)Ax;.

4.4. Newton’s approximation when f:R" — R

Newton’s approximation answers the fundamental question
of calculus: how much does the value of f change when its input
changes by a small amount Axz? We now address this question
in the case where f : R" — R and Az € R™. To keep notation
simple we look at the case where n = 2.

Let Af be the amount that f changes when its input changes
from point A = (x1,x2) to point C = (z1+Ax1, x2+Axs). Notice
that

Af=Af+Af,
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C= ({171 + A{Z}l,$2 + ACC2)

A: (IBl,Q?Q) (231+A931,J72) :B

Af = f(Il + AIl,IQ —+ Amz) — f(Zl + AZl,l‘z)
+ f(:l?l + AIl,Ig) — f($17x2)

Figure 14. The change in temperature when mov-
ing from point A to point C' is equal to the change
in temperature from point A to point B plus the
change in temperature from point B to point C.
Algebraically, the second term in red cancels with
the first term in blue.

where A f7 is the amount that f changes when its input changes
from point A to point B = (214 Axy,z2), and A fs is the amount
that f changes when its input changes from point B to point C.
This is illustrated in figure 14.
According to equation (4.5), if Azq and Axg are small num-
bers then
Afl ~ D1f(l‘1,1‘2)A1‘1
and
Afy 2 Do f(x1 + Axq, z9)Axy
~ Do f(w1,72)Azsa.
Putting these pieces together, we find that
Af = Dy f(x1,22)Azy + Do f(21,22)As. (4.6)

In words, as you move from A to B to C, the value of f changes
first by D; f(x)Axz; and then by Do f(z)Axs.

The expression on the right in (4.6) looks like the dot product
of two vectors. This suggests that equation (4.6) can be written
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more concisely if we introduce the vector (D1 f(z),..., Dnf(z)),
which we shall call the gradient of f at z and which is denoted
by Vf(x). The gradient vector V f(x) is just a list of all the
partial derivatives of f at x. With this notation, equation (4.6)
becomes

Af = (Vf(z),Ax). (4.7)
Equivalently:
flx+Ar) = f(x) + (V[(z), Az). (4.8)

This is Newton’s approximation in the case that f : R™ — R.
(Although we took n = 2 for simplicity, a similar derivation works
for any value of n.)

4.5. A formula for directional derivatives

We can easily discover a formula for directional derivatives
by using Newton’s approximation with Az = tu:

[z +tu) — f(z)

Duje) = fiy FE
i T+ (VS (@), tu) — f ()
t—0 t
i (@)
t—0 t
= (Vf(z),u).

According to this formula, to compute the directional derivative
D, f(x) we can just take the dot product of V f(z) with u:

4.6. The direction of steepest ascent

For which direction w is the directional derivative D, f(x) as
large as possible? Notice that if u is a unit vector then

Dyf(x) = (Vf(2),u) = [[Vf(@)[l[[u] cos(0) = [|V f(x)]| cos(6),
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where 6 is the angle between Vf(x) and u. The term cos(6)
is always between —1 and 1, so the largest possible value that
D, f(x) can have is |V f(x)| - 1. This occurs when 6 = 0, which
means that v points in the same direction as V f(z). Thus:

The gradient vector points in the direction of steepest
ascent.

Moreover, the magnitude of the gradient has a meaning also: if
u is a unit vector that points in this direction of steepest ascent,
then D, f(x) = ||V f(z)].

So the gradient vector tells you two things: the direction of
steepest ascent, and the rate of change of f in that direction.
With this visual interpretation, the gradient vector has sprung
to life as a geometric object.

Similarly, —V f(z) points in the direction of steepest descent.
If f(x) is the temperature at the point x, and you are a mosquito
who likes cool temperatures, you will want to fly in the direction

—Vf(z).



CHAPTER 5

The Jacobian matrix

Often we encounter functions that take a list of numbers as
input and return a list of numbers as output. For example, the
input could be an image of a handwritten digit (stored as a list
of pixel intensity values), and the output could be a list of ten
probabilities: the probability that the digit is a 0, the probability
that it is a 1, etc. Our goal now is to discover a version of
Newton’s approximation for such a function f : R™ — R™. As
always, the purpose of Newton’s approximation is to estimate
the value of f(z + Ax).

To be concrete, suppose that f : R? — R3. If z is a point in
R3, then f(x) is a list of three numbers, which could be called
fi(x), f2(x), and f3(x). The functions f; : R* — R defined in
this way are called the component functions of f:

J(@) = (fi(@), fal@), fa(2)) for all points & in B>,

In other words, f;(z) is by definition the ith component of the
point f(x).

If Az = (Azy, Azg, Az3) is a small vector in R, then New-
ton’s approximation (4.8) for the function f; tells us that

f1 (.13+A1‘) ~ f1 (.23) +D1f1 (.I‘)Axl —|—D2f1 (Z‘)A.’EQ —|—D3f1 (Z‘)A.ﬁg

We have similar approximations for fo(z + Az) and f5(z + Az).
Using these approximations for the component functions of f
allows us to approximate f(z -+ Az). At this point, our equations
will start to look nicer if we sometimes write vectors vertically

49
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instead of horizontally:

fi(z + Ax)

flz+ Azx) = | fa(z + Ax)

fa(z + Ax)
fi(x) + Dy fr(x)Axy + Do fi(x)Azy + D3 fi(x)Axs
~ | fo(x) + D1 fo(x)Axy + Dy fo(x) Ay 4 D3 fo(x)Axs
f3(z) + D1fs(w)Axy + Da f3(x)Azs + D3 fa(x)Axs
)
)
)

fi(z Dy fi(z)Azy + Da fi(x)Azz + D3 fi(x) Az
= | fo(x)| + | D1fa(x)Axy + Dy fo(x) Az + D3 fo(x)Axs
f3(z D1 fs(x)Azy + Da f3(x) Az + D3 f3(x)Azs

f(x) Need concise notation for this.

The messy-looking expression on the right can be written more
concisely if we introduce some new notation. There is something
wasteful about the expression on the right, because the symbols
Axy,Azs, and Axz are written repeatedly, once on each row.
‘We have wasted ink. The same information can be conveyed
with less writing if we only write down the arrays of numbers

Difi(xz) Dafi(xz) Dsfi(x) Axy
D1 fg (.’L’) szz(x) D3f2 (LL') and ALEQ
Dy f3(x) Dafs(z) Dsfs(w) Axs

and place them side by side. In other words, we will now declare
that the expression

Difi(z) Dafi(xz) Dsfi(x)] [Az]
Difa(xz) Dafa(z) Dsfa(w)| |Azz (5.1)
Difs(z) Dafs(z) Dsfs(x)]| [Azs]

means the same thing as

D1f1 (.T)Awl + Dgfl (.’IT)A.’EQ + D3f1 (Z‘)A.’lﬁ3_
leg ($)AZ‘1 + D2f2 (J?)AJZQ + D3f2 (x)Aac3 . (52)
D1 fs(x)Azy + Da fs(x)Azs + Ds f3(x) Aws |

A 3 x 3 array of numbers such as the one on the left in (5.1) is
called a matrix. With this new “matrix notation”, Newton’s
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approximation for our function f : R? — R3 can now be written
as

fi(z + Ax) fi(z) Difi(z) Dofi(z) Dsfi(z)] [Azy
falx + Az) | = | fa(x) |+ | Difa(x) Dafa(x) Dsfo(x)| |Axs
f3(z + Az) f3(z) Dy f3(x) Dafs(z) Dsfs(x)| [Axs
—_—

f(xz+Ax) f(x) matrix Ax

Comparing this with our familiar way of writing Newton’s
approximation,

fla+Az) & f(z) + f'(x)Ax,

suggests that the matrix above should in fact be denoted as f’(x)
and should be called the derivative of f at . In summary, when
f:R3 — R3 we define f’(z) to be the 3 x 3 matrix:

Difi(x) Dofi(x) Dsfi(x)
f'(x) = | Difa(z) Dafa(x) Dsfo(x)
D1 fs(x) Dafs(xz) Dsfs(x)

Similarly, when f : R® — R™ we define f’(z) to be the following
rectangular array of numbers:

Difi(z) -+ Dnfi(z)
f'(x) = : :
lem(x) anm(x)

A rectangular array of numbers with m rows and n columns is
called an m x n matrix. The immediate triumph of our new
matrix notation is that Newton’s approximation for a function

f :R™ — R™ looks identical to Newton’s approximation for a
function f: R — R:

Vot T
flz + Ax)= f(z) + f'(z) Az . (5.3)
—— N~~~ T
T T mXn
vector vector matrix

in R™ in R™
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We emphasize the following fact:
If f:R™ — R™, then f'(z) is an m x n matrix.

This matrix f’(z) is often called the “Jacobian” or the “Jacobian
matrix” of f at z. However, I think a much better name for f’(x)
is simply “the derivative of f at x”.

EXAMPLE 5.1. If f: R™ — R, then f/(z) is a 1 x n matrix.
In detail,

f'(x) = [Dif(z) Daf(x) --- Dnf(x)].

A matrix with just one row is also called a “row vector”.

EXAMPLE 5.2. Let f:R"™ — R be the function defined by

1 1
f@) = glll* = 5T + a5 + - + 7).

2
(The numbers z1,...,z, are the components of the vector x.)
Thinking of f as a function of x; alone, with zs,...,x, held

fixed, we see that

le(.’lt) = X1.
Likewise, the ith partial derivative of f is D;f(z) = x; (for
i=1,...,n). Thus,

fll@)=1[z1 @2 - x].



CHAPTER 6

Matrix multiplication

6.1. A matrix wants to operate on a vector

Our “matrix notation” has already saved writing, but matri-
ces come to life if we take the viewpoint that the matrix in (5.1)
is performing an operation on the vector Ax, resulting in the new
vector (5.2). In this viewpoint, a matrix is not an inert object.
It has a mission in life: to operate on a vector. We shall call this
operation “multiplication” (reusing an old word), and we shall
say that in the expression (5.1) we are “multiplying” the matrix
on the left by the vector Azx.

An m x n matrix is, by definition, a rectangular array of
numbers with m rows and n columns. The set of all possible
m X n matrices is denoted R™*". If a matrix

a1 ai2 A1n

a21 azz A2n
A =

Am1 Am?2 e Amn

is “multiplied” by a vector

1

T2
r=1| .| eR"

Tn
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then the result is the vector Az € R™ defined by

a1 a2 -+ Qln T 1121 + @12%2 + + ++ + A1p Ty
a1 Q22 -+ Q2n T3 2121 + A22%2 + -+ + A2p Ty
Am1 am?2 e Amn Tn Am1T1 + Am2T2 + -+ Amndn
——
A T Az

This is the definition of multiplying a matrix by a vector, an
operation that we invented when we declared that expression (5.1)
means the same thing as expression (5.2). Notice the following
pattern:

The ith entry of the vector Az is the dot product of the
ith row of A with the vector z.

Throughout math, calculations which can be expressed as
multiplying a matrix by a vector are ubiquitous. This is true in
part because Newton’s approximation is so ubiquitious.

6.2. Some useful rules of arithmetic

It’s not hard to check that the following basic arithmetic
rules are satisfied.

6.2.1. Distributive rule. If z and y are vectors in R™ then
Alz+y) = Az + Ay. (6.1)

This rule is called the “distributive” property of matrix-vector
multiplication.

We have a similar distributive rule for multiplying A by a
sum of any finite number of vectors. For example, if z,y, z € R"
then

Alx+y+2)=Ax + Ay + Az.

(Proof: Just use rule (6.1) twice, to obtain A(x +y + 2) =
Alx+y)+ Az = Az + Ay + Az.)
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6.2.2. Multiplying by a scalar. If we define the product
of a scalar ¢ with a matrix A in the obvious way, so that cA is
the matrix obtained by multiplying each entry of A by ¢, then
we have

A(cx) = c(Az) = (cA)z.
It follows from this rule that the expression cAx is unambiguous,
because either interpretation (cA)x or c¢(Ax) yields the same
result.

EXERCISE 6.1. Suppose that z1, x5, z3 are vectors in R and
1, c2, and cg are scalars (that is, real numbers). Explain why
A(Cl.’ﬁl + coxo + 031'3) = ClA.’ﬂl + CQAiBQ + CgAl’g.

6.3. Another perspective on matrix-vector
multiplication

There is a different, more visual way to think about multiply-
ing a matrix by a vector that turns out to be very useful. Notice
that

1171 + a12T2 + - - - + A1 Ty

a21T1 + Q22T + « - + G2, Ty
Ax =

am1%1 + AmaZ2 + - - + AppTn

a11 a12 A1n
a21 a22 a2n

= . + T2 . +---txy . . (6.2)
Am1 Am2 Amn

Thus,

Az is a linear combination of the columns of A.

This is, in fact, my favorite way to think about multiplying a
matrix by a vector. I find that it is usually the most illuminating
viewpoint. I will call this the “visual interpretation” of matrix-
vector multiplication.
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We can state equation (6.2) more concisely if we let a; denote
the jth column of A, i.e.,

a; = | . forj=1,...,n.

Amj
Then we can write A using “block notation” as
A= [al as - an}

and equation (6.2) becomes

Ar = 2101 + X209 + -+ + Tpay,. (6.3)

EXERCISE 6.2. Suppose that M; and My are m X n matrices
and Myx = Msx for all vectors x € R™. Show that M; = M.

Solution: Take z = (1,0,...,0). Then from equation (6.3) we
see that Mjx is equal to the first column of M; and Msx is the
first column of M. So the first column of M; is equal to the
first column of Ms. A similar argument shows that the second
column of M; is equal to the second column of Ms, and so on.
ThUS, M1 = Mg.

6.4. Multiplying a matrix by a matrix
Now suppose that B € R¥*™_ If 2 € R", then

B(Azx) = B(z1a1 + x2a2 + -+ + Tpay)
= x1Bay; + x9Bas + - - - + v, Ba, (6.4)
= Mz
where M is the matrix whose jth column is Baj. (In going

from (6.4) to (6.5), we have used the “visual interpretation” of
matrix-vector multiplication.)
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In other words, multiplying first by A and then by B yields
the same result as simply multiplying by M:

B(Az) = Mz

for all x € R™. This matrix M is called the “product” of B and
A and is denoted as BA. We again reuse the word “multiply”,
and say that M is the result of “multiplying” B by A. Using
block notation, the definition of BA is

BA = [Bal Bay --- Ban} .

We can only multiply a matrix B by a matrix A if their
shapes are compatible, meaning that the number of columns of
B is equal to the number of rows of A. Otherwise, BA is not
defined.

6.5. When multiplying matrices, order matters

Warning: The order in which we multiply matrices matters.
It is usually not true that BA = AB. In fact, the product AB
might not even be defined (even if BA is defined).

However, it is always true that

C(BA) = (CB)A,

provided that A, B, and C are matrices with compatible shapes.
To see this, just check that multiplying a vector x by the matrix
on the left always yields the same result as multiplying = by
the matrix on the right. The result of multiplying x by the
matrix C(BA) is

(C(BA)z = C ((BA))
= C (B(Ax)).
Meanwhile, the result of multiplying 2 by the matrix (CB)A is
((CB)A)xz = (CB)(Ax)
= C(B(Ax)).

So we get the same result either way.
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6.6. Conventions about column vectors and row
vectors

A “column vector” is a matrix with just one column. From
now on, we shall declare that the elements of R™ are column
vectors. With this convention, matrix-vector multiplication is a
special case of matrix-matrix multiplication. If x € R™, then x is
an n x 1 matrix (that is, column vector), and when we compute
Ax we are multiplying an m X n matrix A by an n x 1 matrix x.

A “row vector” is a matrix with just one row. Notice that
if u and v are vectors in R™ (so u and v are column vectors),
we can compute their dot product by first flipping u sideways,
turning it into a row vector, and then multiplying the resulting
row vector by v:

[ur ug -+ Uy : = uyvy + ugvg + - -+ + upv, = (u,v).
Un

On the left we are multiplying a 1 X n matrix by an n x 1 matrix.

The row vector obtained by flipping u sideways is called the
“transpose” of u and is denoted «”. With this notation, the above
equation tells us that

(u,v) = uTv. (6.6)

Notice that uTv = vTu, because (u,v) = (v,u).

Suppose that f : R® — R and x € R™. Because we have
declared that the elements of R™ are column vectors, the row
vector f'(z) = [D1f(x) -+ Dy,f(x)] is not an element of R™.
We shall adopt the convention the gradient of f at x is a column
vector:

le(x)
Dgf(x)

= f'(z)".

Vi =| .
D, f(x)
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With this convention, Newton’s approximation f(z + Az) =
f(z) + f'(x)Ax can be written equivalently as

J(z+ Az) ~ f(z) + V(2)" Ac.

Defining the gradient to be a column vector is convenient
because it will allow us to make statements such as the following:
if we are located at x and we move a short distance in the direction
of steepest descent for f, then our new location is z —tV f(x) (for
some scalar t). Repeatedly moving in the direction of steepest
descent is a good strategy for finding a point x* at which f has
a minimum value. This strategy is called “gradient descent” and
is fundamental in machine learning.

EXERCISE 6.3. Suppose that u,v € R™ and ¢ € R. Explain
why
(uw+v)' =u? +07 and (cu)? = cu”.

Solution: What difference does it make if we flip then add or add
then flip? Likewise, what difference does it make if we flip then
scale by c or if we scale by ¢ and then flip? We get the same
result either way.

EXERCISE 6.4. Suppose that uy,us,uz € R™ and ¢y, ¢, c3 €
R. Explain why

T T T T
(crug + cous + c3uz)” = cruy + cauy + czugy .

Solution: As with the previous exercise, this fact might seem

obvious, because what difference does it make if our column
vectors are tipped sideways before or after we combine them?
Another way to think about it is to use the results of the previous
exercise repeatedly:

(clul + coug + C3U3)T = (clul + CQUQ)T + (03U3)T

= (cru1)” + (couz)” + (caus)”

T T T
= ciuy + couy + c3uz.
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6.7. Transposing matrices

In the previous section we transposed a column vector to
obtain a row vector. Now we will ask what is the transpose of
Az, where A is an m x n matrix A and x € R™. This question
leads us to discover the “transpose” of a matrix A.

6.7.1. Visual interpretation of 27 A. The “visual inter-
pretation” of matrix-vector multiplication tells us that Az is a
linear combination of the columns of A. (See section 6.3.) If
z € R™, there is a similar “visual interpretation” of the product
2T A:

2T A is a linear combination of the rows of A. (6.7)

To see this concretely, let’s look at the special case where m = 3
and n = 2. Then z and A can be written in detail as

21 ail a2
2= |z2|, A= |aa a2
22 | |A31  a32
and
air a2
T
z A:[zl Z2 23] a1 Q22
@31 Q32 |

= [21011 + 22021 + 23031, 21012 + 22022 + 23032}

=z [011 a12] +22 [(121 022] +2z3 [CL31 (132] .

first row second row third row
(o) [0) O

6.7.2. The transpose of a matrix. Sometimes we might
need to compute the transpose of the column vector Az. Let a;
be the jth column of an m x n matrix A. Then

(A:U)T = (z1a1 + X202 + - + Tpay)

T T T
=x10] + 2205 + -+ xn0,.

T

But here we have a linear combination of row vectors. According
to the “visual interpretation” above, this linear combination of
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row vectors is equal to 7 M, where M is the matrix whose rows

are al al ... al. This matrix M is called the “transpose” of

s Ym

A, and is denoted AT. With this notation, we have
(Az)T = 2T AT.

Notice that the first column of A is the first row of AT, the
second column of A is the second row of AT, and so on. For

example,
a b7 N
c d| T |b d|’
EXERCISE 6.5. Suppose that A is an m x n matrix, and that
r € R™ and y € R™. Show that

(Az,y) = (z, ATy).
(As you go deeper in math, this turns out to be in some sense

the most essential fact about the transpose of a matrix. When 1
think about AT, T usually think about this equation.)

Solution: Using equation (6.6), we have

EXERCISE 6.6. Suppose that A is an m X n matrix and B is
a k X m matrix. Show that

(BA)T = ATBT.
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Solution: If x € R™ and y € R*, then
(BA)z,y) = (B(Az),y)
= <Ax,BTy>
= (z, ATBTy).
On the other hand,
(BA)z,y) = (z, (BA)Ty).
So we have discovered that
(z, (BA)Ty) = (z,(A"B")y) (6.8)

for all x € R”,y € R¥. This suggests that (BA)T = AT BT.
To finish off the argument, take

1 1

0 0
y=|.|eR¥ and z=|.| eR™

0 0

Then (BA)Ty is the first column of (BA)T, and (x, (BA)Ty) is
the first entry of the first column of (BA)T. Likewise, (z, (AT BT)y)
is the upper left entry of AT BT. Thus, (BA)T and AT BT have
the same upper left entry. A similar argument shows that all of
the corresponding entries of (BA)T and AT BT are equal.

6.8. Matrix addition

Having discussed matrix multiplication, we should also men-
tion the simpler operation of matrix addition. Suppose A and B
are m X n matrices. We define A + B to be the m x n matrix
obtained by adding together the corresponding entries of A and
B. For example, if m =n = 2 then

a1l Q12 n bin b2 _ a1 + b1 a2+ bio
a1 Q22 bar  bao a1 +ba1 gy +bag |’

A B A+B
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Note that we can only add together matrices which have the
same shape. We could not, for example, add a row vector to a
column vector.

EXERCISE 6.7. Suppose that z € R™. Explain why
(A+ B)x = Az + Bx.

Solution: It’s probably more clear to check this for yourself than
to read my explanation. Nevertheless, let al and b! be the ith
rows of A and B, respectively. Then the ith row of A + B is
al +b7, and the ith entry of (A+ B)x is (af +b] )z = al x+b! z.
But this is the sum of the ith entries of Az and Buz.

EXERCISE 6.8. Suppose C' is an n x k matrix. Explain why
(A+ B)C = AB+ AC.

Solution: Let ¢; be the ith column of C'. The ith column of
(A+ B)C'is (A+ B)c; = Ac; + Bc;. But this is the same as the
ith column of AC + BC.

EXERCISE 6.9. Suppose C' is a k x m matrix. Explain why
C(A+ B)=CA+CB.

Solution: Let a; and b; be the jth columns of A and B, respec-
tively. The jth column of C(A + B) is C(a; + b;) = Ca; + Cb;.
But this is the same as the jth column of CA + C'B.

6.9. Additional exercises

EXERCISE 6.10. The arithmetic rules given in section 6.2 can
be summarized as stating that if A € R"*™ then the function
L :R™ — R™ defined by L(z) = Az is a “linear transformation”,
which means that

(1) L(x +y) = L(x) + L(y) for all vectors z,y € R™.
(2) L(cz) = cL(x) for all scalars ¢ € R and vectors x € R™.

Suppose that L : R™ — R"™ is a linear transformation. Show
that there exists a matrix A such that L(xz) = Az for all x € R™.
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Solution: Let e; be the jth standard basis vector for R", so that
ej has a 1 in the jth position and zeros elsewhere. If z € R",
then
1
T2
r=| . can be written as x = x1e1 + To€2 + -+ - + Tp€n.
Ty,
It follows that
L(z) = L(xz1e1 + x2ea + - - + zpey)
=ux1L(e1) + xoL(eg) + -+ -+ x,L(ey)
= Ax,

where A is the matrix whose jth column is L(e;).



CHAPTER 7

The chain rule

We will now discover one of the most useful rules for comput-
ing derivatives in multivariable calculus. Suppose that h : R™ —
R™ and g : R™ — R¥, and suppose that

f(@) = g(h(z))
for all x € R™. Notice that f takes as input a point in R™ and
returns as output a point in R*. Let Az be a small vector in R”™.
We will approximate f(x+ Ax) by using Newton’s approximation
twice, first with h and then with g¢:

f(z+ Az) = g(h(z + Az))
=~ g(h(z) + ' (z)Az)
= g(h(z)) + ¢ (h(z))h' (z)Az.

In the final step, we used the approximation g(z + Az) ~ g(z) +
g (2)Az with z = h(z) and Az = h'(z)Az. Comparing the
approximation

flz+ Az) ~ g(h(z)) +¢'(h(x))h (2)Ax
——
f(=)
with Newton’s approximation

flz+ Az) ~ f(z) + ['(x) Az
reveals (or at least suggests) that
f'(x) = g' (W))W (z). (7.1)
This fact is known as the chain rule.
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It is a triumph of matrix notation that the multivariable
chain rule can be discovered so easily and that it looks identical
to the chain rule in single-variable calculus. Notice that in equa-
tion (7.1) f’(z) is a matrix, and on the right we are multiplying
two matrices:

f'(@) =g (h(z)) W(z).
—— ————

kxn kxm mxn
matrix matrix matrix

EXERCISE 7.1. Suppose that a function f : R™ — R tells us
the temperature at each point in R™. A mosquito is located at a
point x at time ¢ = 0 and is moving with constant velocity vector
v € R™. So the mosquito’s position at time t is x + tv, and the
mosquito’s temperature at time t is

F(t) = f(a+t).

a) How rapidly is the mosquito’s temperature changing at
time ¢t = 07

b) Suppose the temperature is as cold as possible at the

point = (so x is a minimizer for the function f). What
can we conclude about the value of V f(z)?

Solution: Notice that F(t) = f(h(t)) where h : R — R" is the
function defined by

h(t) = x + tv.
It is straightforward to check that h'(¢) = v. By the chain rule,
nxl1
1
F't)=f(z+to)h(t) = fl(x+tv) v
(I

1xn

so the rate of change of the mosquito’s temperature at time t = 0

1S
1

n

F(0) = f'(z)
L]

1xn

X
1
v

= (Vf(z),v).
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This formula (V f(x),v) is the same directional derivative formula
that we derived in section 4.5.

If z is a minimizer for f, then the function F' has a minimum
value at t = 0. So, from single-variable calculus, we know that
F'(0) = (Vf(x),v) = 0. But notice that v could be any vector
in R™. The only way that (V f(z),v) can be 0 for every vector
v € R is if Vf(x) = 0. So we can conclude that V f(x) = 0.






CHAPTER 8
Minimizing a function

Suppose again that a function f : R™ — R tells us the
temperature at each point z € R™. (I am visualizing the case
where n = 3.) Imagine that a mosquito who likes cool weather
has found a point z* in the shade where the temperature is as
low as possible. This point £* is a minimizer for the function
f. If the mosquito were to move a slight bit in the direction of
any given unit vector u, the value of f could not decrease. Thus,
D, f(x*) > 0 for every unit vector u € R"™. Moreover, if u € R,
it is impossible that D, f(z*) > 0, because then the directional
derivative of f in the opposite direction —u would be negative.
Therefore,

D,f(z*) = (Vf(z*),u) =0 forall u e R™

This is only possible if V f(z*) = 0. So, in conclusion:

If 2* € R" is a minimizer for a function f :R™ — R then
Vi(z*) =0.

See exercise (7.1) for a slightly different derivation of this fact.
This conclusion holds regardless of whether x* is a “global” min-
imizer for f (which means that f(x) > f(z*) for all z € R") or
just a “local” minimizer for f (which means that f(z) > f(z*)
for all z in the near vicinity of x*).

This suggests the following strategy for finding a minimizer
of f: we compute the gradient of f, then set the gradient of
f equal to 0 and solve the resulting system of equations for x.
However, we must be careful, because not every point x which
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f(z)

Figure 15. If f(x) = 2®, then f'(0) = 0, but 0 is

neither a minimizer nor a maximizer for f.

satisfies Vf(z) = 0 is a minimizer for f. Indeed, a similar
argument to the one given above shows that if x is a maximizer
for f then Vf(x) = 0. Tt is also possible for a point & which
satisfies V f(x) = 0 to be neither a maximizer nor a minimizer
for f. For example, if n = 1 and f(z) = 23, then f(0) = 0 but 0
is neither a minimizer nor a maximizer for f. This is illustrated
in figure 15.

Another example is provided by the function f : R? — R
defined by f(z1,22) = x122. If 21 and x5 are both positive, then
f(x1,29) > 0. On the other hand, if z; is positive and x5 is
negative, then f(z1,z2) < 0. Thus, any ball centered at the
origin contains points where f is positive and also points where f
is negative. So the origin is neither a minimizer nor a maximizer
for f.

Nevertheless, i



APPENDIX A

Algebra review

Calculus is much easier to learn if computations using high
school algebra are effortless. (If not, that’s ok, calculus provides
a good chance to practice algebra and you can always backtrack
to fill in any gaps in knowledge.) We review a few formulas from
algebra below.

A.1. FOIL

The FOIL (“first-outer-inner-last”) formula states that if
x,y, 2 and w are numbers then

(z+y)(z+w) =2z + 2w+ yz + yw.

This rule can be derived by repeated use of the distributive rule
a(b+c) = ab+ ac.
In detail, we derive FOIL as follows:
(2 +9)(z+w) = (z+y)z + (2 + y)w
=xz+yz+ rw + yw.

We can use FOIL to expand expressions such as (z + y)?. If
x and y are numbers, then

(z+y)* = (z+y)(z+y)
=2’ +ay +yx +y°

=22+ 2zy + o2
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We can also expand (z — y)?:
(z—y)*=(z—y)(z—y)
=’ —azy—yr+y°
= 2% — 2zy + o>
Let’s expand (z + y)*:
(z+y)° = (@ +y)(z+y)?
= (z +y)(z* + 22y + v?)
= x(2”® + 20y +y%) + y(2® + 22y +°)
= 2%+ 22%y + 2y® + y2® + 20y° + 47
= 23 + 32%y + 3zy® + 5.
A.2. Difference of squares

The “difference of squares” formula states that if z and y
are numbers then

2 —y? = (x —y)(z +y).
This rule can be proved by applying FOIL to simply the expression
on the right:

(z—y)(@z+y) =2 +ay—ay—y°

:foyz.



APPENDIX B

The equation of a line

sl
(z,y)
A
1
3t 1rise = Yy —
(0, Yo) | Yy~
o | et e oo - 1
run =z — Iy

1
0
4 }

1 0 1 2 3 4 5 6 7 8 9 10 1 12

Figure 16. Here is a line with slope m that passes
through the point (xo,y0). If (z,y) is a point on

this line, then m = 8¢ = ¥=%0  Tp this example,

run r—xQ

(z0,y0) = (2,2) and m = 2/5.
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